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Two regimes of nonequilibrium statistical mechanics

1. Linear nonequilibrium regime

• Close to equilibrium, response is linear

• Kubo formula → many universal properties

2. Nonlinear nonequilibrium regime ← This talk

• Far from equilibrium, response is nonlinear.

• Kubo formula breaks down → any universal properties?
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Response function of a nonequilibrium state

• Apply a strong static field F (pump field).
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A nonequilibrium steady states (NESS) is realized for [tin, tout].



• Further apply a weak and time-dependent probe field f (t) for t ≥ t0,

F (t) = F + f (t).
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• Response of the NESS to f (t): see the response,

∆A(t) ≡ 〈A〉tF+f − 〈A〉F ,

of a macroscopic variable A (such as ~S =
∑
r

~s(r)).



• To the linear order in f ,

∆A(t) =

∫ t

t0

ΦF (t− t′)f (t′)dt′

should hold.

� �
Q. Universal properties of ΦF ?� �



An Example of Universal Properties

Let

ΞF (ω) ≡
∫ ∞

0
ΦF (τ )eiωτdτ.

then the following sum rule holds;∫ ∞

−∞
Re ΞAB

F (ω)
dω

π
=

〈
1

i~

[
B̂, Â

]〉
F

,

where

Â : observable of interest

B̂ : observable that couples to f (t) via the interaction term, −B̂f (t)

〈·〉F ≡ Tr (ρ̂F · ) : expectation value in the NESS
(
ρ̂F ≡ Tr′

[
ρ̂tot
F (t)

])
� �

This relation is general and universal!� �



Example: electrical conductor

F

air (heat reservoir)

battery

f(t)

When A = I (electric current averaged over the x direction),

∆I(t) ≡ 〈I〉tF+f − 〈I〉F

=

∫ t

t0

ΦF (t− t′)f (t′)dt′ + o(f ).

The sum rule says∫ ∞

−∞
Re ΞF (ω)

dω

π
=

e2Ne

mL
: independent of F !



Sum rule:

∫ ∞

−∞
Re ΞIB

F (ω)
dω

π
=

e2Ne

mL
: indepdendent of F
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∫ ∞

−∞
Re ΞIB

F (ω)
dω

π
= 2

∫ ∞

−∞
ωRe ΞIB

F (ω)
d ln ω

π
=

e2Ne

mL
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