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As a measure of the quantum correlations in many-body
systems, the entanglement entropy (EE) has become an
indispensable tool in modern physics. The EE quantifies

the amount of non-local correlation between a subsystem and its
compliment. The ability of the EE to expose the non-local fea-
tures of a system offers a way to characterize topological orders1,2,
solve the black hole information paradox3, and quantify
information scrambling in a thermalization process under unitary
time evolution4–6.

Recently, the EE was measured in quantum many-body sys-
tems for the first time7,8. Specifically, the second Rényi EE
(2REE), one of the variants of the EE, of a pure quantum state was
measured in quantum quench experiments using ultra-cold
atoms. For such pure quantum states, it is believed that the EE
of any small subsystem increases in proportion to the size of the
subsystem just like the thermodynamic entropy9. This is called
the volume law of the EE. However, when the size of a subsystem
becomes comparable to that of its complement, it is observed
experimentally that the EE starts deviating from the volume law,
and eventually decreases (Fig. 1). The curved structure of the size
dependence of the EE, which first increases linearly and then
decreases, universally appears in various excited pure states, for
example, energy eigenstates10 and states after quantum quen-
ches11,12. We call this curved structure a Page curve, after D.
Page13, and it is of fundamental importance in explaining these
examples to reveal a universal behavior of the Page curve.

Despite their ubiquitous appearance, the theoretical under-
standing of the Page curves is limited to the case of a random
pure state13,14, which is a state at infinite temperature and can be
defined only in a finite-dimensional Hilbert space. By contrast,
the cold-atom experiments address finite temperature systems
and an infinite-dimensional Hilbert space; therefore, it is
important to develop a theory of the Page curve applicable to
these situations. Additionally, there are practical needs for the
estimation of the slope of the volume law. The slope is often
employed, for example, to calculate the corresponding thermo-
dynamic entropy8,10 and to detect a transition between the energy
eigenstate thermalization hypothesis (ETH) phase and the
many-body localized (MBL) phase15,16. However, since the
experimentally or numerically accessible sizes of the systems are
small, the estimation of the volume-law slope is deteriorated by
the curved structure of the Page curve.

In this work, we show that Page curves in broad classes of
excited pure states exhibit universal behaviors. We first derive the
function of the Page curve for canonical thermal pure quantum

(cTPQ) states, which are pure states representing thermal
equilibrium at a temperature β−117,18. In particular, the Page
curve of the 2REE is controlled only by two parameters, an
effective dimension ln a and an offset ln K, for any Hamiltonian
and at any temperature. We then conjecture and numerically
verify that this feature of the Page curve universally appears in
any sufficiently scrambled pure states representing equilibrium
states; that is, our function fits the 2REE of the energy eigenstates
of a non-integrable system and the states after quantum quenches
including the state realized in the above-mentioned experiment8.
By contrast, in the case of the energy eigenstates of an integrable
system, which are not scrambled at all, we find that their Page
curves deviate from our function. Since our function enables us to
estimate the slope of the volume law from small systems with
high accuracy and precision, our result is also numerically
effective in detecting the ETH-MBL transition15,16,19,20 and
improves the estimation of the critical exponent.

Results
Derivation of the Page curve in cTPQ states. Let us consider a
lattice Σ containing L ×M sites (Fig. 1), equipped with a
translation-invariant and local Hamiltonian H. We divide Σ into
two parts, A and B, each containing ‘ ´M and ðL� ‘Þ ´M sites.
The n-th Rényi EE of a pure quantum state |ψ〉 is defined as

Snð‘Þ¼ 1
1� n

ln trρnA
� �

; ð1Þ

where ρA≡ trB|ψ〉〈ψ|. We call Snð‘Þ as a function of ‘ the n-th
Rényi Page curve (nRPC). We note that we use the term
differently from how it is used in the context of quantum gravity,
where it denotes the temporal dependence of the entanglement
during the formation of a black hole. To simplify the calculation,
we assume ‘; L � 1.

To derive the behaviors of nRPCs for any Hamiltonian, we
utilize cTPQ states, which are proposed along with studies of
typicality in quantum statistical mechanics21–27.The cTPQ state
at the inverse temperature β is defined as

ψj i¼ 1ffiffiffiffiffiffi
Zψ

p X
j

zje
�βH=2 jj i; ð2Þ

where Zψ �Pi;j z
�
i zjhije�βH jji is a normalization constant, {|j〉}j

is an arbitrary complete orthonormal basis of the Hilbert space
HΣ, and the coefficients {zj} are random complex numbers
zj � ðxj þ iyjÞ=

ffiffiffi
2

p
, with xj and yj obeying the standard normal

distribution Nð0; 1Þ. For any local observable, the cTPQ states at
β reproduce their averages in thermal equilibrium at the same
inverse temperature18. As a starting point, we here derive the
following exact formula of the 2RPC at a temperature β−1 for any
Hamiltonian (see the Methods section for the calculations and
results for the nRPCs),

S2ð‘Þ¼ � ln
trAðtrBe�βHÞ2 þ trBðtrAe�βHÞ2

ðtre�βHÞ2
" #

: ð3Þ

We also give several simplifications of Eq. (3). The first step is
to decompose the Hamiltonian H as H=HA+HB+Hint, where
HA,B are the Hamiltonians of the corresponding subregion and
Hint describes the interactions between them. Since the range of
interaction Hint is much smaller than ‘ and L� ‘ due to the
locality of H, we obtain the simplified expression

S2ð‘Þ¼ � ln
ZAð2βÞ
ZAðβÞ2

þ ZBð2βÞ
ZBðβÞ2

 !
þlnRðβÞ; ð4Þ

S2

O L

In(2)

L 2⏐

BA

L –

Volume law

Fig. 1 A schematic picture of our setup. The second Rényi Page curve for
pure states, S2ð‘Þ, follows the volume law when ‘ is small, but gradually
deviates from it as ‘ grows. At the middle, ‘¼L=2, the maximal value is
obtained, where the deviation from the volume law is ln 2 (see the Results
section). Past the middle ‘¼L=2, it decreases toward ‘¼L and becomes
symmetric under ‘ $ L� ‘

ARTICLE NATURE COMMUNICATIONS | DOI: 10.1038/s41467-018-03883-9

2 NATURE COMMUNICATIONS |  (2018) 9:1635 | DOI: 10.1038/s41467-018-03883-9 |www.nature.com/naturecommunications

www.nature.com/naturecommunications
shmz
タイプライターテキスト
Nakagawa, Watanabe, Fujita, Sugiura, Nature Comm. 1635 (2018).

shmz
タイプライターテキスト
S_2 = - ln Tr[ρ^2]



where R(β), coming from Hint, is an O(1) constant dependent
only on β and ZA;BðβÞ � trA;Bðe�βHA;BÞ.

Further simplification occurs through the extensiveness of the
free energy, −ln ZA,B/β, which is approximately valid when
‘; L� ‘ � 1. In the region in question, ln ZA,B is proportional to
the volume of the corresponding subregion, and thus, we
replace ZA(2β)/ZA(β)2 and ZB(2β)/ZB(β)2 with QðβÞaðβÞ�‘ and
QðβÞaðβÞ�ðL�‘Þ, respectively. Here, a(β) and Q(β) are O(1)
constants dependent only on β, and 1 < a(β) holds because of
the concavity and monotonicity of the free energy. Finally, we
reach a simple and universal expression for the 2RPC:

S2ð‘Þ¼‘lnaðβÞ � ln 1þ aðβÞ�Lþ2‘
� �

þlnKðβÞ; ð5Þ

where K≡ R/Q. This is our first main result. The same
simplifications can be applied to a general nRPC (see the
Methods section). For example, concerning the 3RPC, we have

S3ð‘Þ¼‘
lnb
2

� 1
2
ln 1þK ′

1
b‘

aL
þb�Lþ2‘

� �
þlnK ′

2; ð6Þ

where b, K ′
1 and K ′

2 are O(1) constants that depend only on β.
The significance of Eq. (5) is apparent: it tells us that the 2RPC

is determined by only two parameters: a(β) and K(β). The first
term represents the volume law of entanglement for ‘ � L=2, and
thus, its slope, ln a(β), is a density of the 2REE in the
thermodynamic limit L → ∞. The third term, ln K, represents
an offset of the volume law. The second term gives the deviation
from the volume law, which stems from the highly non-local
quantum correlation between subsystems A and B. Here, we see
that the way that quantum correlations appear in cTPQ states is
completely characterized by the volume-law slope, a(β). As ‘
approaches L/2, the quantum correction to the volume law
becomes stronger and eventually becomes exactly ln 2 at ‘¼L=2,
independent of the inverse temperature β and the Hamiltonian.
This is a unique feature of the 2RPC, as we do not observe such
universal behaviors in the nRPCs for n ≥ 3. With regard to the
third term, a similar offset term appears at zero temperature. It
comes from the degeneracy of a quantum state at zero
temperature, and is referred as the topological EE for topological
states1. Similarly, ln K contains the degeneracy term, but it also
contains other terms, e.g., ln Q. It is an interesting future
direction to decode the topological EE from ln K.

In addition, by using Eq. (5), the mutual information is
straightforwardly obtained. Suppose that the state is the cTPQ
state (Eq. (2)) and the system is divided into three parts, A, B, and
C. The (second Rényi) mutual information between A and B is
defined as I2 � SA2 þ SB2 � SA∪B

2 . It becomes and calculated as

I2¼ln
a�‘ þ a�Lþ‘

ða�‘=2 þ a�Lþ‘=2Þ2
 !

þ qlnK; ð7Þ

where SX2 is the 2REE in X, q= 1 when A∪B is connected and
q= 0 when A∪B is disconnected, ‘ is the sum of the length of A
and B, and, for simplicity, we take the both lengths to be ‘=2. Eq.
(7) explains the observed size dependence of the mutual
information in ref. 8. I2 grows exponentially with ‘ for ‘<L=2,
and shows a linear growth for L=2<‘. See Supplementary Note 1
for the detailed explanations.

Finally, to confirm the validity of the approximations and
clarify the advantages of our formula (5), we present numerical
simulations of the 2RPC of cTPQ states for the S= 1/2 XY chain

under a periodic boundary condition,

H¼
XL
i¼1

Sxi S
x
iþ1 þ Syi S

y
iþ1

� �
: ð8Þ

This system is mapped to the free fermion system by the
Jordan-Wigner transformation28, and the quantities
trAðtrBe�βHÞ2 and trBðtrAe�βHÞ2 can be efficiently calculated in
a large system (L ~ 100) by the correlation functions of the
system29. We numerically calculate the 2RPC of the cTPQ states
at the inverse temperature β= 4 by evaluating Eq. (3). As Fig. 2
shows, the numerical data of the 2RPC are well-fitted by our
formula (5) for all system sizes L and subsystem sizes ‘ (details of
the fitting is described in the Methods section). In addition, we
compare several estimates of the density of the 2REE from
numerical data in the inset: ln a from the fits by our formula,
the density of the 2REE for half of the system, S2(L/2)/(L/2),
and the average slope of the curve between ‘¼1 and
‘ ¼ 5; ðS2ð5Þ � S2ð1ÞÞ=4. It is clear that ln a does not contain
any systematic error compared with the other two estimates,
which represents one of the advantages of our formula (5). We
also numerically check the validity of the approximations in
deriving the formula (5) in Supplementary Figure 1.

General conjecture for scrambled states. So far, we have focused
on the cTPQ states, but they are merely a canonical example of
pure states locally reproducing the Gibbs ensemble. Here, we pose
a conjecture for other scrambled pure states: Eq. (5) works as a
fitting function for generic scrambled pure states.

In the following two subsections, we numerically check this
conjecture. We calculate the 2RPCs of various pure states,
namely, the excited energy eigenstates of (non-)integrable models,
and the states after a quantum quench. We show that the
conjecture holds for the eigenstates of the non-integrable model
but not for those of the integrable model. We also numerically
reveal that Eq. (5) well fits the 2RPC averaged over the time
evolution after a quantum quench.

Numerical results for energy eigenstates. As the ETH claims, in
a wide class of models, the energy eigenstates look thermal—the
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Fig. 2 Second Rényi Page curve in cTPQ states. The dots represent the
second Rényi Page curves in the cTPQ states of the spin system (9) at an
inverse temperature β= 4 calculated by Eq. (3) for various system sizes L.
The lines are the fits by Eq. (5) for the numerical data. The inset shows the
fitted values of ln a, S2(L/2)/(L/2), and the average slope of the curve
between ‘¼1 and ‘¼5. The dotted lines are the extrapolations to L → ∞ by
1/L scaling for ln a and S2(L/2)/(L/2) and by 1/L2 scaling for the average
slope
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expectation values of the local observables reproduce those of the
Gibbs ensemble30–32. From the viewpoint of ETH, its extension to
non-local quantities is interesting10,33. We test whether the for-
mula (5) applies to the 2RPC, which is highly non-local at
‘¼OðLÞ, in particular ‘ ’ L=2.

As an example, we take the S= 1/2 XXZ spin chain with/
without next-nearest neighbor interactions under the periodic
boundary condition,

H¼
XL
i¼1

Sxi S
x
iþ1 þ Syi S

y
iþ1 þ ΔSzi S

z
iþ1 þ J2Si � Siþ2

� �
; ð9Þ

where we set Δ= 2 and J2= 4 for non-integrable cases and J2= 0
for integrable cases34.

Figure 3a, b show the 2RPC of the eigenstates of this model
with various energies, which are obtained by exact diagonaliza-
tion. We see that the fit by the formula (5) works quite well for
the non-integrable cases, although not for the integrable cases.
Moreover, as Fig. 3c, d clearly indicate, the residuals of the fits per
site for all eigenstates decrease with respect to L for the non-
integrable cases but increase for the integrable cases. We therefore
numerically conclude that our formula (5) is applicable to non-
integrable models but not to integrable models. We provide a
discussion of the physics behind this result in Supplementary
Note 2.

We comment on our results of the energy eigenstates from the
viewpoint of ETH. First, the success of our formula in
the non-integrable case is important for the following reasons:
the corresponding thermal “ensemble” is not the usual

microcanonical ensemble (mixed state) but is rather a thermal
pure state. Although the Page curve necessarily deviates from the
volume-law slope in a pure state, the way how it deviates always
exhibits a universal behavior. Furthermore, S2ð‘Þ is a highly non-
local and complicated observable. We thus expect that our results
will bring the studies of ETH to the next step, i.e., its non-local
extension. Second, with regard to the extension of ETH to non-
local quantities, there are new proposals in which the effect of the
energy fluctuation is incorporated10,35. This is called subsystem
ETH35. In the subsystem ETH, the authors suggest that the
volume-law slopes of the higher-order REE for the energy
eigenstates may be different from those of the Gibbs ensembles or
the cTPQ state. We provide a discussion on this deviation in
Supplementary Note 2. In our numerical calculations on the
energy eigenstates, however, we do not see the deviation of the
2RPC from (5), which is derived for the cTPQ states. This might
be because of the limitation of the system sizes, and it would be
interesting to see the deviation indeed occurs in larger systems.
Indeed, this extension was recently analyzed in ref. 36. The EE of
energy eigenstates in a non-integrable model was studied there by
substituting ρdiag in Supplementary Eq. (11) by the microcano-
nical density matrix (ensemble), and the result supports our
generalized formula (Supplementary Eq. (11)). Third, the failure
of our formula in the integrable cases is surprising because ETH
for local observables was proved to hold for almost all eigenstates,
even in integrable systems37. By contrast, our results in Fig. 3c, d
clearly show that almost all eigenstates indeed violate formula (5),
or non-local ETH. A similar observation was made in ref. 38,
where the EE of eigenstates in a different integrable model from

5
Non-integrable Integrable

4
E= –8.878
E= –7.45

E= –4.985
E= –3.364

3.5

3

2.5

2

1.5

1

0.5

0

S
2

E = –25.78
Energy spectrum Energy spectrum

20
10
0

–10
–20
–30

8
6
4
2

–2
–4
–6
–8

–10

0

E = –19.63
E = –14.44
E = –9.587
E = –4.668

4

3

2

S
2

r i

1

2 4 6 8 10 12 14 16
0

0

10–1

10–2

10–3

10–4
r i

10–1

10–2

10–3

10–4
0 20

L =12

L =14

L =16

L =18

L =12

L =14

L =16

L =18

40 60 80 100 0 20 40 60 80 100

2 4 6 8 10 12 14 160

a b

c d

Percentile of iPercentile of i

Fig. 3 Second Rényi Page curve for general energy eigenstates. a 2RPCs of several energy eigenstates of the non-integrable Hamiltonian, Eq. (9) with Δ= 2
and J2= 4 (dots), and the fits by our formula (5) (lines). The inset shows the energy spectrum of the Hamiltonian, and the arrows indicate the eigenstates
presented in the figure. b Same as figure a for the integrable Hamiltonian (Δ= 2, J2= 0). c Residuals of fits per site ri � L�1

PL
‘¼0ðS2ð‘Þi;data � S2ð‘Þi;fitÞ2,

where S2ð‘Þi;data is the 2REE of the i-th eigenstate and S2ð‘Þi;fit is a fitted value of it, for all eigenstates of the non-integrable Hamiltonian (10) with Δ= 2 and
J2= 4 (we consider only the sector of a vanishing total momentum and magnetization). The eigenstates are sorted in descending order in terms of the
residuals, and the horizontal axis represents their percentiles. The fits become better as the size of the system increases. d Same as figure c for the
integrable Hamiltonian (Δ= 2, J2= 0). The fits become worse as the size of the system increases
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states [36,44–51]. Here, we choose the unnormalized
canonical thermal pure quantum (CTPQ) state [50] as
an initial equilibrium state given by

jβ; Ni ¼
X
ν

zν exp½−βĤ=2�jνi; ð1Þ

at inverse temperature β ¼ 1=T (where kB ¼ 1) and
system size N, with an arbitrary orthonormal basis of
the Hilbert space fjνigν, and a random complex number
zν ¼ ðxν þ iyνÞ=

ffiffiffi
2

p
[51]. A single CTPQ state gives the

free energy by βFðT;NÞ ¼ − ln hβ; Njβ; Ni, and accord-
ingly all the thermodynamic properties within an error
exponentially decreasing in N [49–51].
Response to external field.—Let us switch on an external

vector field h at t ¼ 0,

hðx; tÞ ¼ hnðxÞθðtÞ; ð2Þ

where h > 0, maxxjnðxÞj ¼ 1, x is a spacial coordinate, and
θðtÞ is the step function. Suppose thath couples to the system
with the interaction Ĥext ¼ −

P
xhðx; tÞ · ŝðxÞ ¼ −hB̂θðtÞ,

where ŝðxÞ is a local operator of the system, and
B̂ ≔

P
xnðxÞ · ŝðxÞ.

As a response to h, we focus on a certain observable Â,
which is an additive quantity or, more generally, a low-
order polynomial (such as a two-point correlation) of local
observables [57]. Its deviation from the initial equilibrium
value is given by

ΔAðtÞ ¼ hÂðtÞiβ;N − hÂiβ;N; ð3Þ
where h•iβ;N ≔ hβ; Nj • jβ; Ni=hβ; Njβ; Ni, ÂðtÞ ¼
Û†ðtÞÂ ÛðtÞ, and, taking ℏ¼1, ÛðtÞ ¼ exp½−iðĤ − hB̂Þt�.
Here, similarly to what is rigorously proved for hÂiβ;N in

the CTPQ state [50], we show that hÂðtÞiβ;N converges in
probability to the nonequilibrium value calculated from the
Gibbs state ρ̂β, hÂðtÞiensβ;N ¼ Tr½ρ̂βÂðtÞ�. Its deviation from
the Gibbs ensemble after dropping off smaller-order terms
is evaluated as

D½ÂðtÞ�2 ≔ ðhÂðtÞiβ;N − hÂðtÞiensβ;NÞ2

≤
h(ΔÂðtÞ)2iens2β;N þ ðhÂðtÞiens2β;N − hÂðtÞiensβ;NÞ2

exp½2βfFðT=2; NÞ − FðT;NÞg� ;

ð4Þ

where •̄ denotes average over realizations of fzνg, and
ΔÂðtÞ ≔ ÂðtÞ − hÂðtÞiens2β;N . For every finite β, FðT=2; NÞ−
FðT;NÞ ¼ ΘðNÞ [58] because the entropy S ¼
−∂F=∂T ¼ ΘðNÞ. Hence, the denominator of the rhs of
Eq. (4) is eΘðNÞ. Now, if we consider a typical casewhere Â is
an m-degree polynomial of bounded local observables [59],
the numerator is bounded to ≤ ΘðN2mÞ. We thus find

D½ÂðtÞ�2 ≤ ΘðN2mÞ=eΘðNÞ, which becomes exponentially
small with increasing N. According to a Markov type
inequality, this implies that hÂðtÞiβ;N converges to

hÂðtÞiensβ;N with probability exponentially close to one, as
in the equilibrium case [49–51]. Therefore, Eq. (3) gives the
correct response of the system of size N with exponentially
small error.
Linear and nonlinear susceptibility.—The LR and NLR

need to be discussed separately. When h is small enough,
the response extrapolates to that obtained from the LR
theory [1–4]. In this LR regime, the linear susceptibility (or
admittance) χðωÞ, which is the Fourier transform of the LR
function [1–4], does not depend on the profile of h along
the time axis. Therefore, it is sufficient to consider the
specific time dependent profile Eq. (2), to obtain the
general form of χðωÞ as a function of frequency ω.
Assuming that Â is an additive observable, we obtain
the following formula:

χðωÞ ¼ ΔAðþ∞Þ
Nh

− iω
Z

∞

0

Δ0AðtÞ
Nh

eiωtdt; ð5Þ

where Δ0AðtÞ ≔ hÂðtÞiβ;N − hÂðþ∞Þiβ;N . According to
Kubo [1], χðωÞ is explicitly given by the retarded Green
function at equilibrium, which contains the information on
the elementary excitations, whose nature could thus be
examined by evaluating hÂðtÞiβ;N for sufficiently small h.
One can further specify the wave number q in h, in order to
obtain the q-dependent susceptibility χðq;ωÞ. These points
will be illustrated shortly.
At larger h, the correspondence with the LR theory

breaks down. Still, we use Eq. (5) as the definition of the
nonlinear susceptibility χðq;ω; hÞ with explicit h depend-
ence, because it is well defined even in this NLR regime
and is continuously connected to the linear one.
Here, we do not follow the conventional perturbative

definition in nonlinear optics [5]. Our χðq;ω; hÞ could treat
nonperturbative effects such as the nonlinear band defor-
mation, as we see shortly.
Necessary conditions.—In actual physical systems,

Eq. (5) gives correct predictions provided that Ĥ and
Ĥext are the realistic Hamiltonians [4,60]. However, in
model calculations, the Hamiltonian is often too idealized,
as in the case of integrable Hamiltonians obtained by
neglecting small but nontrivial interactions. Usually such
idealization does not affect the quality of the equilibrium
properties, whereas, it often happens that they give wrong
predictions about nonequilibrium properties [4,60,61].
To reasonably predict nonequilibrium properties of a

system, the following conditions are necessary:
(i) ½Â; Ĥ − hB̂� ≠ 0 because otherwise Âwould not respond

to h at all; (ii) ½Â; Ĥ� ≠ 0 and ½ _̂B; Ĥ� ≠ 0, since otherwise
the state would depend on h in the distant past, as explicitly
shown in the LR regime [1–4]; (iii) in cases where Ĥ − hB̂
has equilibrium states [63], the equilibrium susceptibility
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FIG. S2. Supporting results of the spin-1/2 kagome antiferromagnet at N = 27. (a) Time evolution of 〈Mq(t)〉 that yields the
nonlinear response (Fig. 3(b)) at h = 0.5 and kBT = 0.1. The solid lines give the results starting from different TPQ states,
and the broken lines are their averages. (b) Comparison of χ(q, ω;h) between h = 0.02 and 0.05 at kBT = 0.1. The latter is the
same as given in Fig. 3(a). A somewhat oscillating deviation of h = 0.02 at small ω dissolves when taking an average of many
samples (while here, we take three sample averages for all data in this figure). (c) Comparison of χ(q, ω;h) at h = 0.5 between
N = 27 and 18. The spikes found in N = 18 data is due to the small system size which is smoothed out already at N = 27.
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