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Thermalization

- In quantum mechanics,

[0(0))  — (1) = e "[¥(0))
- Assumption in thermodynamics :
In (macroscopically) isolated systems,
any non-equilibrium state —  equilibrium state

1 Consistent?

(W (1) Alp(t)) =~ (A)eq after sufficiently large t?
A : macroscopic observable
(®)eq - €Xpectation in equilibrium state

= Depends on the property of eigenstates of H
cf. Eigenstate Thermalization Hypothesis (ETH)
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Realization of isolated quantum systems

Ultracold atoms and molecules in optical lattices
» various model systems
» various lattice geometry
» tunable physical parameters
» isolated over a reasonably long period

= direct observation of the Schrédinger dynamics
after quench (sudden change of a physical parameter)

.
oL S ST | / /] Ny (U e I

t
(S.Trotzky et al., 2012)
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In this talk,

Susceptibility obtained by quench experiment, ya"
(quantum mechanics)

= thermodynamic susceptibility?

isothermal susceptibility, x"
adiabatic susceptibility, x°

Which should be compared with y4h?

Wavenumber k dependence of susceptibilities
= reveals an interesting behavior!

X AT xS = xah(k), XT(k), x5(K)
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Anomalous behavior of y2"(k)
If the dynamics of the system is complicated enough,
> yIN(K) is discontinuous at k = 0
lim 3%(k) # x1%(0)

k—



Introduction Setup Main results (k=0 (ii)-(iv) k # 0 Conclusion
00000e 000000 [e]e] 00000 000000 [}
:

Anomalous behavior of y2"(k)

If the dynamics of the system is complicated enough,

> yIN(K) is discontinuous at k = 0
lim X1 (k) # x**(0)

Each value gives each thermodynamic susceptibility :

» k=0:
X¥(0) = x°(0)

» k—0:

sn +qch _ T
Jim x%(k) = x"(0)

= Both °(0) and \'(0) are obtained!



Introduction Setup Main results (k=0 (ii)-(iv) k # 0 Conclusion

000000 @00000 00 00000 000000 [©]
:

Table of contents

Setup : Definitions of susceptibilities



Introduction Setup Main results k=0 (i)-(iv) k # 0 Conclusion
000000 0®0000 [e]e] 00000 000000 [}
:

Quench susceptibility(1/3)
N = L9 spins on a d-dimensional cubic lattice

- pre-quench : t <0
uniform (k = 0) offset magnetic field h
(= x°(0) < x7(0))
Hamiltonian H(h) : translation invariant (PBC)
state : equilibrium state pi; o< e=#F(h)
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Quench susceptibility(2/3)
-quench:t=0

additional magnetic field Ah(r) (parallel to h),
with wavenumber k, small magnitude Ahg

- post-quench : t >0
Hamiltonian Flpost = A(h) - > GEAh(r)
p(t) obeys the Schrodinger dynamics of M.

NN N N R AR

10
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Quench susceptibility(3/3)
Quench susceptibility

,ach ¥ . Tr[p(t) k] — Tr[pini MMk]
Xy (k) :=time average of Alr;knlo Ahr

(magnetization my, = 3, eflilk'ra-f)

time dependence of Am, %" (t)/Ah, (N=16, k=0)

h
AN (K)

11
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Thermodynamic susceptibilities(1/2)

Isothermal susceptibility
Pl oc e PHest has the same temperature as the initial
one

Tr [ﬁT ﬁ?k] — Tr[,6 ﬁ’lk]
T : fin ni
= |
XN(k) Ahlknlo Ahk

cf. Isothermal quasistatic process
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Thermodynamic susceptibilities(1/2)

Isothermal susceptibility
Pl oc e PHest has the same temperature as the initial
one

Tr[pfafi] — TrlpiniMi]
T . fin ini
= |
(k) Ahlkrio Ahg

cf. Isothermal quasistatic process
Adiabatic susceptibility
p5, has the same entropy as the initial one

(temperature of 5S_is tuned)

fin

Tr [ﬁs ﬁ?k] - Tr[ﬁ ﬁ’lk]
S T fin ini
XN(k) T Alf:knlo Ahk

cf. Adiabatic quasistatic process

1o
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Thermodynamic susceptibilities(2/2)
Thermodynamic relation

GO =GO - —|(5P),]

13
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Thermodynamic susceptibilities(2/2)
Thermodynamic relation
GO =GO - —|(5P),]

- exclude phase transition points = specific heat ¢, < oo

2 x5,(0) < xL(0)
Note xZ. (k) := lim x(k)
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Main results

(i) ¢l & X'(0) = x3(0) (< xL(0))
ordinary weak ETH < ¢1 < ordinary strong ETH
(i) 2 e yX"(k) = x5 (k) = v (k) forall k # 0
c2 < ordinary off-diagonal ETH
(ii) c3 = x/[ (k) is continuous
c3 should be satisfied in normal systems
(iv) From (ii) and (iii),
c2,¢8 = lim yL"(k) = x(0)
= If the system is complicated enough,
X" (k) is discontinuous at k = 0
both 5 (0) and ”(0) can be obtained from yi(k)
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(i) k = 0: xX'(0) = x5(0)
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Result (i)

(i)

condition 1 < X"(0) = 5 (0)

ordinary weak ETH < c¢1 < ordinary strong ETH
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:

Result (i)

(i) condition 1 < X"(0) = S (0)

ordinary weak ETH < ¢1 < ordinary strong ETH

weak ETH : holds even in integrable systems
[Biroli et. al. (2010), lyoda et. al. (2017)]

strong ETH : holds if the system is complicated enough,

fails in integrable systems [Rigol et. al. (2008)]
= yI"(0) = yS(0) holds if the system is complicated
enough

Q : How is it observed in experiment? (N < o)
Q : Does it hold or fail in integrable systems?
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Numerical demonstrations
models : 1D XYZ, XXZ, XY spin models (ring)

N N
Ah) = =3 > Jubfof = >N, (04 =57)
j=1 a=x,y,z j=1
h=0.8,Jx+J, =0.6,3 = 0.15 are fixed
(@) XYZ:Jdy—Jy =1.2,J, =1.0, complicated (non-integrable)
(b) XXZ:Jy —Jy, =0,J, = 1.0, integrable
(c) XY :Jy—dy =12, J, =0, integrable
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Numerical demonstrations
models : 1D XYZ, XXZ, XY spin models (ring)

N N
Fth) = =3 D_ abj0fis = 3 h6f, (63s = 67)
j=1

j=1 a=x,y,z

h=0.8,Jx +J, =0.6,5 = 0.15 are fixed
(@) XYZ:Jdy—Jy =1.2,J, =1.0, complicated (non-integrable)
(b) XXZ:Jy —Jy, =0,J, = 1.0, integrable
(c) XY :Jy—dy =12, J, =0, integrable
> In (a), how is x(0) = 5 (0) observed in
experiments? (N < o)
» In (b) and (c), is it violated? If so, how?
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Demonstration of (i) / complicated system

(a) XYZ model :

N dependence of yy(k=
0.1

0) in XYZ model
02 RRRAIXIIIRK | 5 ' E ‘ ‘ 1
x %f o X
' < 7 S
0.16} 1% | 4wt
0.01 = — 0"
o.12f ] - .
+++++++++FAdbdd - 1
(a) XYz B (a) XYZ
008=——<0 14 18 0001 =——=5 7 18
N N

x5 (0) — X‘,{,Ch(O) approaches 0 as N is increased
= Indeed YX"(0) = x5 ,(0) holds

19



Introduction Setup Main results (k=0 (ii)-(iv) k # 0

20

Conclusion
Demonstration of (i) / integrable systems
(b) XXZ model, (c) XY model :
N dependence of x5 (k=0) in XXZ and XY model T %
0.16 X
XXXXXXXXXXXX N
w +
0.16 1 N
0.12} 1 Xchh
X X T
008l ++++++++++++1 R R R R Xeo T
0.08}
1S —
(b) XXz (c) XY
ot 1 0.04 L~ : ‘ %"
6 10 N 14 18 6 10 N 14 18

(0 does not coincide with y$(0) even in N — oo

= XE(0) = x5,(0) fails!
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(i)-(iv) k # 0 fim (k) = 11 (0), etc.
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Result (ii)

(i)  condition 2 < \X"(k) = S (k) = (k) for all
k +0

c2 < ordinary off-diagonal ETH

20
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Result (ii)

(i)  condition 2 < 1" (k) = S (k) = xL (k) for all
k+0

c2 < ordinary off-diagonal ETH

off-diagonal ETH : holds if the system is complicated
enough, fails in integrable systems
[D’Alessio et. al. (2016)]

= X" (k) = x5 (k) = v (k) holds for all k # 0
if the system is complicated enough
Q : How is it observed in experiment? (N < o)

Q : Does it hold or fail in integrable systems?

20
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Demonstration of (ii) / complicated system

(a) XYZ model :
k dependence of x(k) in XYZ model

0.2 |
X g k)X
™ )+
e N N i)
Kok o X
0.1}
(a) XYZ
0 1T k 2

Indeed y&" (k) = v5,(k) = x” (k) holds for all k # 0
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Demonstration of (ii) / integrable systems

(b) XXZ model, (c) XY model :
k dependence of yy(k) in XXZ and XY model

02k .. ] ‘
X g - 0.15 f5¢ % % ” » 1 ) X
X 7h;9’\,%.: X
e W
0.1} : (k)
A 01} 1™
+ 2o ()
(b) XXZ (c) XY
0 ]
0.05"=
0 K 0 k 3

Both integrable models also satisfy
X (k) = xS, (k) = x (k) for all k # 0!
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Results (iii) and (iv)
(ii) condition 2 < 3" (k) = xS (k) = xL (k) forall k £ 0
c2 < ordinary off-diagonal ETH

(iii) c3 = \/ (k) is continuous
c3 should be satisfied in normal systems
(iv) From (ii) and (iii),
c2, c3 = Il(imoxggh(k) = ’I(imOXoTo(k) = x(0)

X" (k) is discontinuous at k = 0!

Q : How should such an anomalous behavior be observed
in experiment? (N < o)

o5



Introduction Setup Main results (k=0 (ii)-(iv) k # 0 Conclusion
000000 000000 [e]e] 00000 00000e [©]

Demonstration of (iii) and (iv)
(a) XYZ model, (b) XXZ model, (c) XY model :

02— : : 0.15 = - ‘
©, O, O,
> 0.15) ]
O] O] O] O
@ (a) XYZ @ : ]
015 T P ! e ]
0275 — l xy 0 O
0.1f X&) ——H
.
' xnk) X ]
> 01} !
i t W+
) (b) XXZ @ ‘ (c) XY ‘ ‘
0 i 2 0 1 3 3
k k

Indeed (iii) x” (k) is continuous, (iv) lim X3 (k) = x(0)
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Conclusion
(i) c1 & L(0) = x5(0) (< xL(0))
ordinary weak ETH < c1 < ordinary strong ETH
(i) c2e xI'k) = xS (k)= xL(k)forallk £0
c2 < ordinary off-diagonal ETH

(iii) c3 = x/ (k) is continuous
c3 should be satisfied in normal systems
(iv) c2,¢3 = lim x1"(k) = x(0)

= If the systems is complicated enough,
qch

X (K) is discontinuous at k =0
both 5 (0) and \”(0) can be obtained from y&" (k)
» Experimental verification of the behaviors of Y& (k),
including deviation from them, is feasible!
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Condition 1 (1/2)
(i) condition 1 < yX"(0) = x5.(0)
ordinary weak ETH < ¢1 < ordinary strong ETH

28
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Condition 1 (1/2)
(i) condition 1 < yX"(0) = x5.(0)

ordinary weak ETH < ¢1 < ordinary strong ETH
iF(h)t —if(h)t

mj = time average of €""'mye
lv) - simultaneous eigenstate of H(h) and M}_,
E, : eigenenergy, OE, :=E, — Tr[pwmH(h)]

5ﬁ7k = ﬁ'lk — Tr[,ﬁmiﬁ’)k]

28
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Condition 1 (1/2)
(i) condition 1 < yX"(0) = x5.(0)

ordinary weak ETH < ¢1 < ordinary strong ETH
iF(h)t —if(h)t

mj = time average of €""'mye
lv) - simultaneous eigenstate of H(h) and M}_,
E, : eigenenergy, OE, :=E, — Tr[pwmH(h)]

5ﬁ7k = ﬁ'lk — Tr[,ﬁmiﬁ’)k]

c1: For almost all |v) in a narrow energy region
|0E,|/N < Ty/cn/N (=: de),
(v|0f—o|v) = C 9E,/N + o(1/VN),
where C = O(1) is some constant independent of v.
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Condition 1 (2/2)

m, = <I/‘ﬁ7k:0’V> VS. E,,/N
‘ ‘ p=0.15" /\

0.6

209
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Condition 2
(i) c2< yI'k) = xS (k) = xL(k)forall k #£0
c2 < ordinary off-diagonal ETH

20
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For questions
0000000000

Condition 2
(i) c2< yI'k) = xS (k) = xL(k)forall k #£0
c2 < ordinary off-diagonal ETH
lv) : simultaneous eigenstate of H(h)
and translation operators
E, : eigenenergy, K, : crystal momentum

20
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Condition 2
(i) c2< yI'k) = xS (k) = xL(k)forall k #£0
c2 < ordinary off-diagonal ETH
lv) : simultaneous eigenstate of H(h)
and translation operators
E, : eigenenergy, K, : crystal momentum

c2 : For almost all |v) in a narrow energy region
|0E,| < T+/cenN,

> 6e£, 0K, K, +k| (V| A]) |2 = o(1/N) for all k # 0

l/,

E,=E,, K,=K,+k

20
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Condition 3

(iil) c3 = /L (k) is continuous

c3 : Let Qy be the lattice of the system
ol (r) = B(56¢; 66Z) : canonical correlation

ngnwr; [61(r)] < o0 (M
Jim Z loh(r) (N =0 (2)

I’GQN
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Condition 1 Condition 2 Condition 3 For questions
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1

Condition 3

(iil) c3 = /L (k) is continuous

c3 : Let Qy be the lattice of the system
ol (r) = B(56¢; 66Z) : canonical correlation

Jm, 2 IO < oc W
Jim > Jof(r) (N =0 (2)
reQN

» Eq. (1) will be satisfied except at phase transition
points

» Eqg. (2) is plausible since canonical ensemble well
emulates a subsystem in an infinite system
= ¢3 should be satisfied in normal systems
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Outline of proof of (i)

[ W condition 1 < 3(0) = S (0) ]

S0) — 3N 0) — 40, $ A0\ <5H(h)?5ﬁ78>2
XR0) —xi"(0) = AN (G5 o) — - T R A) = 0

where (e; ) is canonical correlation (a kind of inner product).

2
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Outline of proof of (i)
[ W condition 1 < 3(0) = S (0) ]
c fo oa SH(h); 6AQ)2
50 ach :N5m°;6m°—<A L) >
XR(0) —i7(0) = AN (o o) — - S )
where (e; ) is canonical correlation (a kind of inner product).
From the property of Cauchy-Schwarz inequality,

xX5(0) = X%"(0) &

o (SH(h):omg) .~
S = A 5H(h)>6H(h) —: C §H(h)/N.

Y

2



Condition 1 Condition 2 Condition 3 For questions
Q0 [} [} 0000000000
: :

Outline of proof of (i)

[ (i) condition 1 < y3'(0) = xS (0) ]
[ . £A0)\2

¥0) - (0 = o (tmi o) - TS >0
where (e; ) is canonical correlation (a kind of inner product).
From the property of Cauchy-Schwarz inequality,
xX5(0) = X%"(0) &

g — (OFICh): )

(0F(h); 5H(h))
By applying |v) from the left and the right,
(v|omd|v) = (v|dmp|v) = C SE,/N.

In the thermodynamic limit N — oo, this condition is
relaxed as c1.

§H(h) =: C 6H(h)/N.

2
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Outline of proof of (ii)

(i) 2 (k) =S (k)= (k) forallk 0
c2 : For almost all |v) in a narrow energy region
|0E,| < Tv/cnN,

> " 6e.£, 0K, K, +k| (V| AU]v) |2 = o(1/N) for all k # 0

l//

Since H(h) is translation invariant,

ro s o (F(h); P
xn(K) = xn(k) = 6N<5F/(h); SH(h))

=0 forall k #0.

k]
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Outline of proof of (ii)

(i) c2 e vE"(k) =5 (k) =\ (k) forall k #0
c2 : For almost all |v) in a narrow energy region

|5El/| 5 TV ChNJ
> " 6e.£, 0K, K, +k| (V| AU]v) |2 = o(1/N) for all k # 0

l//

Since H(h) is translation invariant,
SH(h); fine)
LK) — x3(k) = BN i - ~
xn(K) — xn(k) =B (GFI(hY: 5H())
From yS(k) — x¥™ (k) = BN(MQ; ) > 0 for all k # 0,
XS (k) = xX" (k) for all k #£ 0
& /Jlm N(mY; m}) = 0 for all k # 0 < c2.

=0 forall k #0.

k]
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Outline of proof of (iii)

(iif) c3 = \/ (k) is continuous
N'i'gogjw ) < o0 (1)
Jim > of(r) —el(nl=0 ()
reQN

From Eq. (1) and the property of Fourier transform,

lnf :: ||m Z e ik- r¢T

reQN
is a continuous function of k.
From Eq. (2), xL (k) = x'™(k) holds for all k.
. xL (k) is also continuous.

a4
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Discussion on discontinuity(1/2)
(i) 2o xE"(k) =S (k) = x_(k)forall k #0
(iil) c3 = I (k) is continuous
c2,¢8 = lim x4"(k) = lim xZ (k) := lim x[ (k) = x(0)
Why x2 (k) is discontinuous at k = 0?
Why lim 33, (k) = x(0)?

5
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Discussion on discontinuity(2/2)

Adiabatic quasistatic process (constant-entropy)

Ah
H - xx(0) (Note N = L9)
L
r
{ Fourier transform
Ah
/1%\ = Xfo(k) with |k|~1/L
0 k

< X% (k) = x%(0) for [k| ~1/L
By taking L — oo,

: S T
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Relation to Kubo formula

Ao (k,w + ic) is also defined assuming the Schrodinger
dynamics [Kubo (1957)]
Ah(r, t), with wavenumber k and frequency w,
is applied gradually over a long time scale ~ 1/¢

27
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Relation to Kubo formula

Ao (k,w + ic) is also defined assuming the Schrodinger
dynamics [Kubo (1957)]
Ah(r, t), with wavenumber k and frequency w,
is applied gradually over a long time scale ~ 1/¢

lim xK®°(k,0 + ic) = xI™(k) for all k and N (3)

e—+0

From Eq. (3) and result (iv),
c2,c3 =
lim lim lim XK“bO(k,O +ie) = ’I(imoxggh(k) = xI(0).

k—0 N—oo e—+0

27
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Relation to Kubo formula

Ao (k,w + ic) is also defined assuming the Schrodinger
dynamics [Kubo (1957)]

Ah(r, t), with wavenumber k and frequency w,
is applied gradually over a long time scale ~ 1/¢

lim xK®°(k,0 + ic) = xI™(k) for all k and N (3)

e—+0

From Eq. (3) and result (iv),
c2,c3 =
lim lim lim XK“bO(k,O +ie) = ’I(imoxggh(k) = xI(0).

k—0 N—oo e—+0

This suggests that c2 and c3 are also conditions for

conventional wisdom : lim lim lim xX™®°(k,0 + ic) = x (0)
k—0:c—+0 N—oo
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PBC and OBC/ Result (i)
(a) XYZ model :
0.2 — ‘ ‘ 0.2 — ‘ :
HKAHXAHKKXXXXK X XXX XxxXXXXXXXX
Xchh
0.16} XNT X { 0.16}
X w + X
i | L+ 4+ + ]
) IE RN I EER R R ¥Yelolujololu
PBC OBC
0.08—% 10 N 14 0.08—% 0 N 14
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PBC and OBC/ Result (ii)-(iv)
(a) XYZ model :

0.2 0.2
X X

0.16 | 0.161
0.12¢ 0.12
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PBC : finite size effect is exponentially small [lyer et. al.
(2015)]

40
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